Abstract. Hypergraphs are higher-dimensional generalizations of graphs.
Introduction
Hypergraphs are higher dimensional generalizations of graphs (cf. [4] ). In a hypergraph, a hyperedge can join any number of vertices, while in a graph each edge joins two vertices.
Let H be a hypergraph. An n-dimensional hyperedge σ ∈ H, or simply an n-hyperedge, is a collection of n + 1 vertices in the vertex set of H. The topology of hypergraphs has various applications in network study and computer science (e.g. [6, 16, 22] ).
(Co)homology theory can be used to investigate the topology of graphs as well as hy- The topology of H cannot be fully detected by the homology groups of ∆H. In fact, even if two hypergraphs have the same associated complex, they may have different topological structures (cf. [5, Example 3.8] ). In 2016, S. Bressan, J. Li, S. Ren and J. Wu [5] invented the embedded homology to investigate the topology of hypergraphs. Generally, the embedded homology and the homology of associated complexes are not isomorphic (cf.
[5, Example 3.8] ). The original idea of the embedded homology was given by A. Grigor'yan, Y. Lin, Y. Muranov and S.T. Yau [12] . Some related ideas were also discussed in [13, 14] .
Besides the homology of associated complexes and the embedded homology, the homology of the lower-associated complexes of hypergraphs was considered by S. Ren, C. Wu and J. Wu [20] in 2017. The lower-associated simplicial complex δH was defined as the simplicial complex by deleting all the hyperedges in H with missing faces (cf. [20] (b). a homomorphism of the homology of associated complexes from H * (∆H) to H * (∆H ′ );
(c). a homomorphism of the homology of lower-associated complexes from H * (δH) to
The evolution of hypergraphs is a mathematical model for the evolution of social networks (cf. [3, 8, 11, 19] ), which involves important topics in sociology (cf. [19] ), physics (cf. [3, 11] ), trades (cf. [11] ), and computer science (cf. [8] ). For example, the evolution of the scientific collaboration network (cf. [3] ) can be described as follows: each vertex represents a researcher and each hyperedge represents a collaboration. As the researchers collaborate, the number of hyperedges grows and the hypergraph evolves.
The aim of this paper is to investigate the topology of evolutions of hypergraphs. We consider the embedded homology H * (H) as well as the simplicial complexes ∆H and δH.
We investigate the homomorphisms of H * (H) induced from evolutions of H. We define the embedded homological dimension of H as
and prove the following theorem.
Evolutions of random graphs were originally considered by P. Erdös and A. Rényi in [10] . And evolutions of social networks were considered in [3, 8, 11, 19] . In this paper, we borrow the terminology "evolution" from [3, 8, 10, 11, 19] and consider the evolution of hypergraphs.
(i). for any hyperedges τ ∈ H and τ ′ ∈ H ′ , τ ∩ τ ′ is either empty or a hyperedge of H;
(ii). σ is not a face of any (d + 1)-hyperedge of H;
and in addition, for any d-hyperedge τ ∈ H with τ ∩ σ nonempty,
As by-products, in Theorem 2.5, we investigate the homomorphisms of the homology of associated simplicial complexes as well as the homomorphisms of the homology of lowerassociated simplicial complexes, induced from evolutions of hypergraphs. In Theorem 3.2,
we study the homomorphisms of the embedded homology induced from evolutions of hy- Throughout this paper, all the hyperedges are assumed to be nonempty without extra claim. Nevertheless, hypergraphs are allowed to be empty. We use the integer k to denote the dimensions of hypergraphs, and write k as a subscript. We use H to denote homology groups and useH to denote reduced homology groups.
2 Associated simplicial complexes and lower-associated simplicial complexes
In this section, we introduce the associated simplicial complexes and the lower-associated simplicial complexes of hypergraphs. In Subsection 2.1, we review the homology of the associated simplicial complexes, the homology of the lower-associated simplicial complexes and the embedded homology. In Subsection 2.2, we give some examples for these three homology groups discussed in Subsection 2.1. In Subsection 2.3, we prove Theorem 2.5. (i). for any v ∈ V K , the single-point set {v} is in K;
Definitions and constructions
(ii). for any σ ∈ K and any non-empty subset τ ⊆ σ, τ is in K.
A hyperedge of a simplicial complex is called a simplex, and a k-hyperedge of a simplicial complex is called a k-simplex. We denote the boundary maps of simplicial complexes as
Let H be a hypergraph. Let the lower-associated simplicial complex δH be the largest simplicial complex that can be embedded in H. Then
Let the associated simplicial complex ∆H be the smallest simplicial complex that H can be embedded in (cf. [18] ). Then
We notice that
In (2.3), one of the equalities holds iff. both of the equalities hold iff. H is a simplicial complex.
be the collection of all the formal linear combinations of the elements of
is a chain complex with boundary map ∂ * , and Z((δH) * ) is a chain complex with boundary map the restriction of
is a graded group such that as graded groups,
Let Inf * (H) be the largest chain complex with boundary map ∂ * that is contained in Z(H * ). Let Sup * (H) be the smallest chain complex with boundary map ∂ * that contains
Here C * (−; Z) denotes the chain complex of a simplicial complex with integral coefficients. 
And the embedded homology of H is (cf. [5, Section 3.2])
On the other hand, the homology groups of δH and ∆H are respectively
In the remaining part of this paper, we omit the coefficients Z in (2.7), (2.8) and (2.9). We useH to denote the reduced homology groups. In general, the embedded homology (2.5) and the homology groups (2.8), (2.9) are not isomorphic (cf. [5] and Subsection 2.2).
Let H and H ′ be hypergraphs. A morphism of hypergraphs from H to H ′ is a map ϕ sending a vertex of H to a vertex of H ′ such that whenever 
Definition 2. Given a hypergraph H, an evolution of H is a hypergraph
Here σ is a hyperedge. Without loss of generality, we assume σ / ∈ H and dim σ ≥ 1.
By considering the canonical inclusion of hypergraphs, evolutions of hypergraphs can be regarded as a particular family of morphisms of hypergraphs.
Some examples
Given two hypergraphs H and H ′ , we consider the following conditions
The next example shows that (1) and (2) cannot imply (3), hence (1)' and (2)' cannot imply (3) as well.
Example 2.1. Let
Then δH = δH ′ = ∅, and both ∆H and ∆H ′ are the tetrahedron. Hence
The next example shows that (1) and (3) cannot imply (2)', hence cannot imply (2) as well.
Then δH = δH ′ = ∅, and
However, H 1 (∆H) = Z, and H 1 (∆H ′ ) = 0.
The following example shows that (2.10), (2.11) and (2.12) can be distinct.
Moreover, ϕ * is the identity map from zero to zero in dimension 0, and the zero map on Z in dimension 1;
Moreover, (δϕ) * is the identity map from zero to zero in all dimensions;
(c). ∆H ≃ S 1 and ∆H ′ ≃ * . Moreover, (∆ϕ) * is the identity map on Z in dimension 0, and the zero map on Z in dimension 1.
If both H and H ′ are simplicial complexes, then ϕ is a simplicial map.
In this case, (δϕ) * , (∆ϕ) * and ϕ * are same.
Figure 1: Example 2.2.
Homology of associated simplicial complexes and lower-associated simplicial complexes
Before giving Theorem 2.5, we first prove the next lemma. (c). It follows from (2.1) that δH ′ is the union of δH and σ. Now we prove the second assertion. It follows from the assumption of (c) that ∂σ ⊆ H. Since ∂σ is a simplicial complex, we have ∂σ ⊆ δH. Since δH ′ is the union of δH and σ, δH ′ is homotopy equivalent to the quotient space δH/∂σ.
(d).
Since σ is a maximal face of H ′ , we have that for any τ ∈ H, σ is not a subset of τ . It follows from (2.2) that ∆H ′ is the union of ∆H and ∆σ. Now we prove the second assertion.
Case 1. ∆H ∩ ∂σ is empty. Then
Hence we have (d).
Case 2. ∆H ∩ ∂σ is nonempty. Since ∆σ is contractible, by taking the union of ∆H and ∆σ, ∆H ′ is homotopy equivalent to the quotient space ∆H/(∆H ∩ ∂σ). 
Summarizing both
Here i ′ is the inclusion ∆H ∩ ∂σ ֒→ ∆H and j ′ is the inclusion ∆H ֒→ ∆H ′ . In substituting q with j in (2.16), we obtain a long exact sequence of reduced homology groups
Hence by the exactness of (2.17), we have (2.13).
(b). Let q ′ be the quotient map ∆H ։ ∆H/(∆H ∩ ∂σ). By Lemma 2.4 (d), there is a homotopy equivalence
By the proof of Lemma 2.4 (d), the diagram
Since ∆H ∩∂σ is nonempty, by applying [15, Theorem 2.13], we obtain (2.14). In addition, supposeH k−1 (∆H∩∂σ) =H k (∆H∩∂σ) = 0.
Then (2.15) follows immediately from the exactness of (2.14).
Remark 2: Supplementary to Theorem 2.5 (b), suppose ∆H ∩ ∂σ is empty, and for
Evolutions of hypergraphs, lower-associated simplicial complexes, and the embedded homology
In Definition 2, an evolution of a hypergraph H is defined as a hypergraph obtained by adding a new hyperedge to H. In this section, we study evolutions of hypergraphs as well as their induced homomorphisms on the embedded homology groups.
In Subsection 3.1, we study the induced homomorphisms of evolutions of hypergraphs on the embedded homology. We prove Theorem 3.2. In Subsection 3.2, we study the relations between the embedded homology and the lower-associated simplicial complexes.
We prove Theorem 3.4.
In the remaining part of this paper, we let H be a hypergraph. We let d be a positive integer and let H ′ be an evolution of H by adding a hyperedge σ of dimension d.
Evolutions of hypergraphs and their embedded homology
The next lemma is a consequence of [5, Theorem 3.10].
Lemma 3.1. Suppose for any τ ∈ H and any τ ′ ∈ H ′ , τ ∩ τ ′ is either empty or a hyperedge of H. Then for any k ≥ d h (H ∩ ∂σ) + 2,
Proof. We consider the two hypergraphs H and (H ∩ ∂σ) ∪ σ. Their union is H ′ , and their intersection is H ∩ ∂σ. With the help of our assumptions on H, H ′ and σ, it follows that for any τ ∈ H and any η ∈ (H ∩ ∂σ) ∪ σ, τ ∩ η is either empty or a hyperedge of H ∩ ∂σ.
Thus by [5, Theorem 3 .10], we have a long exact sequence of homology groups
On the other hand, for any k ≥ d h (H ∩ ∂σ) + 1, it follows from (2.5) or (2.6) that
By substituting (3.3) into the long exact sequence (3.2), we obtain (3.1) for any k ≥
Given a hypergraph H and a nonnegative integer k, let
By applying Lemma 3.1, the next theorem follows.
Theorem 3.2. (a). (i). H k (H
(b). Suppose for any d-hyperedge τ ∈ H with τ ∩ σ nonempty, τ does not intersect with any
(c). Suppose for any τ ∈ H and any τ ′ ∈ H ′ , τ ∩ τ ′ is either empty or a hyperedge of H. 
Proof. (a)-(i). Let
. This contradicts our assumption.
. Therefore, we obtain the equivalence in (a)-(ii).
. Therefore, we obtain the equivalence in (a)-(iii).
Before proving (b) and (c), we notice that
(b). Suppose for any d-hyperedge τ ∈ H with τ ∩ σ nonempty, τ does not intersect with
We claim that
If (3.6) is not true, then there exist a positive integer m, d-hyperedges τ 1 , τ 2 , . . . , τ m of H, and integers a 1 , a 2 , . . . , a m such that
By (3.6), it is clear that there exists some nonzero a i , 1 ≤ i ≤ m. Without loss of generality, we assume that all the a i 's are nonzero, 1 ≤ i ≤ m. Otherwise we delete the summand It follows that τ λ = σ. This contradicts that σ / ∈ H. Therefore, (3.6) holds.
Consequently, with the help of (3.6),
On the other hand, it follows from (3.5) that for each 0
With the help of (2.5), (3.8) and (3.9), it follows that
Therefore, by comparing (3.10) with the embedded homology of H given in (2.5), we obtain (b).
(c). Suppose for any τ ∈ H and any τ ′ ∈ H ′ , τ ∩ τ ′ is either empty or a hyperedge of
Then by Lemma 3.1, (3.1) holds for k = d. On the other hand, since ∂ d σ = 0, we have
Hence it follows from (2.5) that H d ((H ∩ ∂σ) ∪ σ) = 0. Therefore, with the help of (3.1)
Then by Lemma 3.1, (3.1) holds for k = d − 1.
Hence by (2.5),
With the help of (3.1) for
Case 2. There exists 0 ≤ i ≤ d such that σ i / ∈ H. Then both (3.11) and (3.12) are zero. Hence by (3.1) for
Summarizing both Case 1 and Case 2, we obtain (c)-(ii).
The next corollary is a particular case of Theorem 3.2 (c). Proof. Suppose H ∩∂σ is a contractible simplicial complex. It follows from the definition of simplicial complexes that for any τ ∈ H, τ ∩ σ is either empty or a hyperedge of H. Hence with the help of our assumption, for any τ ∈ H and any τ ′′ ∈ H ′ , τ ∩ τ ′′ is either empty or a hyperedge of H. Since H ∩ ∂σ is contractible,
By Theorem 3.2 (c), the corollary follows.
The embedded homology and the lower-associated simplicial complexes
We recall that d is a positive integer and H ′ is an evolution of H by adding a hyperedge σ of dimension d. By Example 2.1,
By Example 2.2,
The next theorem investigates further relations among the homology groups.
Theorem 3.4. The followings are equivalent 
and
We use m to denote a positive integer.
By the definition of the homology groups of simplicial complexes, it follows from (3.14)
where ∼ is the equivalent relation by identifying m(
By the definition of homology groups of simplicial complexes, it follows from (3.15) that 
Moreover, for any m, we have
On the other hand,
By the definition of the homology groups of simplicial complexes, it follows from (3.16), (3.17) and (3.18) that
Summarizing both Case 1 and Case 2, we get a contradiction with (a). Therefore, our assumption is not true. That is, (a) implies (b). The first assertion follows.
We turn to prove the second assertion. Suppose H * (H ′ ) = H * (H) and σ is not a face of any (d + 1)-hyperedge of H. To prove the second assertion, we suppose to the contrary, δH ′ = δH. We want to get a contradiction. We notice that ∂ d σ ∈ Z(H d−1 ). Moreover, for any m, we have
On the other hand, it follows from our assumption that σ is not a face of any (d + 1)-
By (2.5), (3.20) , (3.21) and (3.22), we obtain
Summarizing both Case 1' and Case 2', we get a contradiction with our assumption H * (H ′ ) ∼ = H * (H). Therefore, (a) and (b) hold.
4 Proof of Theorem 1.1
We prove Theorem 1.1.
Proof. 
